Abstract. Let µ q+1 denote the set of (q + 1)-th roots of unity in F q 2 . We construct permutation polynomials over F q 2 by using rational functions of any degree that induce bijections either on µ q+1 or between µ q+1 and F q ∪ {∞}. In particular, we generalize results from Zieve.
Introduction
Let F q be the finite field of q elements. A polynomial is said to be a permutation polynomial over F q if the associated function induces a one-to-one map from F q to itself. Over the past decades the research on permutation polynomials has been intensified due to their applications in many areas such as coding theory [5] and cryptography [6, 10] . A problem of great interest is to find families of permutation polynomials over a finite field. For an introduction on the basic properties, constructions and applications, we refer the reader to [4, [7] [8] [9] .
For a divisor m ≥ 2 of q − 1, let µ m denote the set of m-th roots of unity in F q . Recently, many authors have used the following criterion, due to Tucker and Zieve [11] , to determine whether or not a polynomial permutes F q . This method relies on polynomials permuting µ m for certain values of m. In [12] Zieve introduces a variant of this approach based on functions that are induced by rational functions that permute µ m . He completely classifies all degree-one rational functions over F q that are bijections µ q+1 → µ q+1 and µ q+1 → F q ∪ {∞}; here µ q+1 is the set of (q + 1)-th roots of unity in F q 2 . As a consequence, he obtains the following classes of permutation polynomials over F q 2 . Theorem 1.2. Let n > 0 and k ≥ 0 be integers, and let β, γ ∈ F q 2 satisfy β q+1 = 1 and γ q+1 = 1.
permutes F q 2 if and only if (n + 2k, q − 1) = 1 and (n, q + 1) = 1. Theorem 1.3. Let n > 0 and k ≥ 0 be integers, and let β, δ ∈ F q 2 satisfy β q+1 = 1 and δ / ∈ F q . Then x n+k(q+1) ((δx q−1 − βδ q ) n − δ(x q−1 − β) n )
permutes F q 2 if and only if (n(n + 2k), q − 1) = 1.
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In this work we present the notion of a pair of polynomials (L, M) being β-associated in F q 2 [x] where L and M have the same degree. A similar concept is that of L being (β, t)-self-associated. Our key observation is that the degree-one rational functions L/M that are bijections µ q+1 → µ q+1 are such that (L, M) is β-associated. In addition, the degree-one rational functions L/M that are bijections µ q+1 → F q ∪ {∞} are such that L and M are (β, t)-self-associated. By investigating β-associated polynomials and (β, t)-self-associated-polynomials of degree greater than one in F q 2 [x], we are able to extend Theorems 1.2 and 1.3. In addition, we construct several new families of permutation polynomials arising from degree-n rational functions with n > 1.
We use a standard approach to verify that a certain rational function satisfies a permuting condition. More specifically, in order to check that a rational function F induces a bijection on µ q+1 , we consider the plane algebraic curve of affine equation
F (x) − F (y) x − y = 0.
Then F permutes µ q+1 if and only if C F has no points (a, b) ∈ µ 2 q+1 with a = b. We follow a similar idea when we require a bijection between µ q+1 and F q ∪ {∞}. An effective method to check the existence of those particular F q 2 -rational points is to determine the absolutely irreducible components of C F ; see [1, 2] .
Our paper is organized in the following way. In Section 2 we introduce the idea of β-associated and (β,t)-self-associated for polynomials in F q 2 [x] . We list some immediate properties that we use throughout the paper. In Sections 3 and 5 we present our generalizations of Theorems 1.2 and 1.3, respectively; see Theorems 3.1 and 5.1. Our results are followed by several explicit constructions of polynomials that can be used to form new classes of permutation polynomials over F q 2 . In Section 4 we provide a generalization of our own results for other extension fields, F q k , leading to new permutation polynomials over F q 3 .
β-associated polynomials
In [12] Zieve describes precisely the degree-one rational functions over F q that are bijections when restricted to µ q+1 → µ q+1 and µ q+1 → F q ∪ {∞}.
Proposition 2.1. Let ℓ ∈ F q (x) be a degree-one rational function. Then ℓ induces a bijection on µ q+1 if and only if ℓ equals either β/x with β ∈ µ q+1 or (x − γ q β)/(γx − β) with β ∈ µ q+1 and γ ∈ F q 2 \ µ q+1 . Proposition 2.2. Let ℓ ∈ F q (x) be a degree-one rational function. Then ℓ induces a bijection from µ q+1 to F q ∪ {∞} if and only if ℓ(x) = (ρx + ρ q )/(ǫx + ǫ q ) for some ρ, ǫ ∈ F * q 2 satisfying ρ q−1 = ǫ q−1 .
We note that the rational functions L/M that appear in Propositions 2.1 and 2.2 satisfy the identity,
for every x ∈ µ q+1 and some β ∈ F q 2 . This observation is key to our work. By considering polynomials L and M of any degree rather than one only, we introduce the following.
be distinct polynomials of the same degree, and let β ∈ µ q+1 . When
, we say that L and M are β-associated and write L ∼ β M. When L q = βx −t L for every x ∈ µ q+1 and some t ∈ N, we say that L is (β, t)-self-associated and write L ∼ β,t L.
One can see that associated polynomials satisfy some straightforward properties.
In the next sections we will exhibit several examples of associated polynomials of degree greater than one. Before we present them, we will set one more notation. Suppose that
with L and M of the same degree. We define the polynomial
We now assume that
By substituting
Permutation polynomials from bijections on µ q+1
We start this section by extending Theorem 1.2.
Proof. We apply Theorem 1.1. First, we notice that the conditions (deg(L) + k(q + 1), q − 1) = 1 and (deg(L) + 2k, q − 1) = 1 are equivalent. For x ∈ µ q+1 , we obtain that
Since β ∈ µ q+1 , the claim follows.
A similar criterion involving self-associated polynomials is the following.
, and L has no roots in µ q+1 .
Proof. We apply Theorem 1.1. For x ∈ µ q+1 , we obtain that
Since β ∈ µ q+1 and (s − t, q + 1) = 1, the claim follows.
Now we will show how we can derive Theorem 1.2 from Theorem 3.1.
Proof of Theorem 1.2. Let β ∈ µ q+1 and γ ∈ F * q 2 \ µ q+1 . Suppose that (n + 2k, q − 1) = 1 and
Proposition 2.1 implies that ℓ/ ℓ permutes µ q+1 , and so does the rational function
Therefore, by Theorem 3.1, the polynomial
M/L permute µ q+1 , the latter condition is true if and only if (n, q + 1) = 1.
In the proof above, we use Zieve's characterization of degree-one rational functions permuting µ q+1 . For rational functions of higher degree satisfying the same property, an analogous result follows, providing another way of constructing permutation polynomials.
This result can be proved by replicating our proof of Theorem 1.2 without specifying L and M. Throughout the remaining of this section, we will mention the polynomials satisfying our permuting conditions several times. To ease our reference, we call them good polynomials.
and β ∈ µ q+1 , and let k, s ≥ 0 and t > 0 be integers. We say that the pair
Because the conditions L ∼ β M and M ∼ β L are equivalent, we can reverse the roles of L and M in the polynomials that appear in Theorems 3.1 and 3.3. This means that, whenever we have a pair (L, M) of (β, k)-good polynomials, we assume that the following four classes of permutation polynomials over F q 2 are automatically produced:
where n ∈ {n ∈ N | (n, q + 1) = 1} and γ ∈ F q 2 \ µ q+1 . Similarly, whenever we have a polynomial L that is (β, t, k, s)-good, we assume that the following class of permutation polynomials over F q 2 is produced:
Proposition 2.1 provides a complete description of all good polynomials of degree one, namely
. The fourth class of permutation polynomials associated to this pair is the one obtained by Zieve in Theorem 1.2.
We can also precisely describe the pairs of good polynomials of degree two.
Proposition 3.5. Let L and M be polynomials of degree two over
where each A j , C j ∈ F q , ξ ∈ F q and i ∈ F q 2 are such that T r Fq|F 2 (ξ) = 1, i 2 = i + ξ,
Since (2(k + 1), q − 1) = 1, we must have that q is even. Since L and M are β-associated, we have that for all x ∈ µ q+1
Since i q = i + 1, we can assume that
and
). We note that α q 2 = α 2 . If α 1 = 0 and α 2 = 0, then x = y, and so L/M permutes µ q+1 . On the other hand, if α 1 = 0 then for x ∈ µ q+1 we have
which means that the curve C M has points in µ 2 q+1 . Consequently, L/M does not permute µ q+1 . Suppose that α 1 = 0 and α 2 = 0. If B 2 = 0, then from
we have that A 2 = C 2 and A 1 = C 1 , and thus, α 2 = 0, a contradiction. A similar argument holds if B 2 = 0 and B 1 = 0. So B 1 = B 2 = 0. In this case, the polynomial
has a unique root, which belongs to µ q+1 if and only if
This is equivalent to (
In the next results we show more examples of good polynomials.
Proposition 3.6. Let q be odd, k ≥ 0 be an integer and i ∈ F q 2 be such that 3 ∤ (q+1), (3+2k, q−1) = 1 and
The component xy + y + 1 = 0 has points in µ 2 q+1 if and only if T 2 + T + 1 has roots in µ q+1 . This cannot happen since 3 ∤ (q + 1). Therefore, the polynomial M has as a root ξ in µ q+1 if and only if
Example 3.7. In the proofs of [3, Theorems 3.4 and 3.6] there are reciprocal polynomials L and M of degree three over
Proposition 3.8. Let q be even, and k, s ≥ 0 be integers such that (s − q, q + 1) = 1 and
Proof. The requirements, (s − q, q + 1) = 1 and (s + k(q + 1), q − 1) = 1, immediately yield that q is even. For x ∈ µ q+1 , we compute
Hence L ∼ 1,q L and the claim follows.
A nonzero root x of h satisfies a q−1 x q−2i = 1. It belongs to µ q+1 if and only if
a contradiction. Under the gcd requirements from Proposition 3.8, (s − q, q + 1) = 1 and (s + k(q + 1), q − 1) = 1, we conclude that h is (1, q, k, s)-good.
Permutation polynomials from bijections on
There is a natural way to extend Theorems 3.1 and 3.2 for k ≥ 2. We write
Proof. We apply Theorem 1.1. For x ∈ µ q k−1 +···+q+1 , we obtain that
The claim now follows as β ∈ µ q k−1 +···+q+1 .
, and L has no roots in µ q k−1 +···+q+1 .
Since β ∈ µ q k−1 +···+q+1 and (s − t, q k−1 + · · · + q + 1) = 1, the claim follows.
Next we show a class of polynomials that can be used to construct permutation polynomials using Theorem 4.2.
Proof. We observe that 1
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Proof. Let s be a noncube in F q and k = s (q−1)/3 . Then {1, ξ, ξ 2 } with ξ 3 = s is a basis of F q 3 over F q . We note that k 2 + k + 1 = 0, and so B = −3k or −3k
2 . An element x = x 0 + x 1 ξ + x 2 ξ 2 with x 0 , x 1 , x 2 ∈ F q belongs to µ q 2 +q+1 if and only if s 
(ii) the algebraic curve ξ∈Fq (H(x) − ξH(y)) has no affine F q -rational points off the line x = y, and (iii) H σ − H has no roots in F q .
For any integer k ≥ 0, the polynomial
with α n = 1. We observe that the polynomial
has no roots in µ q+1 . In fact, say that r ∈ µ q+1 is a root of H • L/M. If M(r) = 0 then α n = 1 implies that L(r) = 0, which is not possible since L and M have no common roots in µ q+1 . If M(r) = 0 then
, which gives another contradiction by (iii). In order to show that
we can rewrite the latter polynomial as
where the last step follows from (i). We aim now to show that there is no pair (x, y) ∈ µ We now prove Theorem 1.3 using Theorem 5.1.
Proof of Theorem 1.3. Consider L(x) = δx−βδ q and M(x) = x−β where β ∈ µ q+1 and δ ∈ F q 2 \F q . Clearly, L and M are (−β −1 , 1)-self-associated. By setting −β = ǫ and using Lemma 2.2, we see that L/M = (δǫx + (δǫ) q )/(ǫx + ǫ q ) is a bijection from µ q+1 to F q ∪ {∞}. Let H(x) = x n − δ. We have that ξ∈Fq (H(x) − ξH(y)) = ξ∈Fq (x n − ξy n − δ + ξδ) has no affine F 2 q -rational points off the line x = y if and only if (n, q − 1) = 1. In fact, this is true when ξ = 1 since δ / ∈ F q . If ξ = 1 then x n − y n = 0 has F 2 q -rational points off the line x = y if and only if (n, q − 1) > 1. Furthermore, the polynomial ϕ(x) = (−δ) q − δ is nonzero since δ / ∈ F q . We conclude that
n permutes F q 2 if and only if (n, q − 1) = 1 and (n + k(q + 1), q − 1) = 1. The latter condition is equivalent to (n(n + 2k), q − 1) = 1.
We can obtain more families of permutation polynomials over F q 2 by applying Theorem 5.1 with other polynomials H.
Corollary 5.2. Let f, g ∈ F q [x] be monic polynomials such that f has degree n − 1 with no roots in F q and g permutes F q . Let γ ∈ F * q 2 be such that γ q = −γ. Then the polynomial H = gf − γf satisfies the following conditions: (i) ξ∈Fq (H(x) − ξH(y)) has no F q -rational points off the line x = y and (ii) H σ − H has no roots in F q .
Proof. The polynomial H σ (T ) − H(T ) = (g(T )f (T ) + γf (T )) − (g(T )f (T ) − γf (T )) = 2γf (T ) has no roots in F q , by hypothesis. Also, H = (g − γ)f . If ξ = 0 then H(x) − ξH(y) = 0 gives that H(x) = 0 and it has no roots in F q . If ξ = 0 then H(x) − ξH(y) = 0 ⇐⇒ g(x)f (x) − γf (x) = ξ(g(y)yf (y) − γf (y)).
Raising both sides to the power q yields that g(x)f (x) + γf (x) = ξ(g(y)f (y) + γf (y)), which is equivalent to g(x)f (x) = ξg(y)f (y) and f (x) = ξf (y). Since f (x) and f (y) cannot be zero for x, y ∈ F q , we obtain that g(x) = g(y). This implies that x = y since g permutes F q .
Note that we cannot find self-associated polynomials of degree two over F q satisfying the conditions in Corollary 5.2. In fact, such a polynomial would have only one root in µ q+1 as if it has one root in µ q+1 , then the other one also belongs to µ q+1 . . It is easily seen that √ α / ∈ µ q+1 since 5 is not a square in F q (p ≡ ±2 (mod 5)). Also, α is a square in F q such that √ α / ∈ µ q+1 since 2 is a square in F q (p ≡ ±1 (mod 8)). The polynomials L(x) = (x − α)(αx 2 − 1) and M(x) = (αx − 1)(x 2 − α) are (α 2 , 3)-self-associated, and clearly L/M is a bijection from µ q+1 to F q ∪ {∞}. The curve associated with L/M splits as (xy − y + 1)(xy + x + 1). The components do not have points in µ 2 q+1 .
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